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Universal Embeddings for the 3D4(2) Hexagon and J2 Near-Octagon 
DANIEL E. FROHARDT AND STEPHEN D. SMITH 
The universal embeddings over F2 of the generalized hexagon for ‘B.&Z) and the 
near-octagon for J, are determined to be the 2%dimensional adjoint modules: for type O4 in 
the first case, and in the second from the 14-dimensional adjoint F,-module for GJ4) 
containing J,. 
1. kR0DUc170~ 
This paper completes consideration of two outstanding examples in the modern 
literature on the interrelations among finite-group geometries, vector-space embed- 
dings and geometric hyperplanes. 
The genera1 context is that of geometries for finite simple groups: notably the Tits 
buildings [9] for groups of Lie type; and suitable analogs for sporadic groups pioneered 
by Buekenhout [l], in recent years the focus of much research activity. The more 
specific context is that of the rank-2 building blocks of these geometries; namely, the 
point-line geometries given by generalized n-gons and the closely related near n-gons. 
The minima1 number of points per line in a thick polygonal geometry is 3; such 
generalized hexagons for G,(2) and 3D,(2), as well as the near-octagon for the 
Hall-Janko group &, were elegantly described by Cohen and Tits in [3]. 
Many geometries arise as subgeometries of the projective space of some vector space 
V: the corresponding inverse problem is to realize a given geometry by constructing (if 
possible) such a V, in which the geometry is then said to be embedded. For point-line 
geometries it is natural to try to realize points as linear l-spaces of V, and lines as 
2-spaces. In the particular case of 3 points per line, it is most natural to seek an 
embedding space over the field of scalars F2. Now any embedding is determined by 
generators at the points and suitable relations at the lines; these in fact give a 
presentation of the universal embedding v which naturally maps onto all possible 
embeddings (see, for example, [B] for more genera1 context). In the case of the natural 
and dual hexagons for G,(2), the universal embeddings were determined to be of 
dimension 14 by Ronan and Smith; see Examples 3 and 4 in [7]. (An argument for 
G,-hexagons over any field appears in Volklein [lo, Sec. 41). This paper completes the 
embedding problem for the remaining examples of Cohen and Tits by establishing the 
following: 
MAIN THEOREM. The universal F,-embeddings for the ‘D,(2) generalized hexagon 
and the J2 near-octagon are 28-dimensional, afforded by the adjoint modules for type 
D4, and for type G2 over F4_ 
It is perhaps not surprising that the answer is given by the adjoint; in some sense the 
point of this work is to show that the geometry already encodes (in a straightforward if 
sometimes ubtle way) familiar structural features from the Lie algebra. 
Universal embeddings are also closely related to geometric hyperplanes; for details, 
see [7] (here again the case of 3 points per line is especially natural). Recent research 
often determines all geometric hyperplanes alongside the universal embedding (for 
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example [S]); study of hyperplanes for the Cohen-Tits examples is carried out by 
Frohardt and P. Johnson in [6]. 
The paper is organized as follows. In a preliminary section, we define general 
terminology and notation, and recall from [3] certain useful information about the 
geometries, notably subhexagons of dual G,(2) type. Then Section 3 establishes the 
universality of the adjoint embedding for J2, while Section 4 does the same for “D,(2) 
(via a rather more detailed analysis). 
2. PRELIMINARIES 
For notation and terminology, we mostly continue that of Cohen and Tits [3]. We 
will quote here a number of their results: the reader wishing to check other details 
more fully may wish to have a copy of that paper to hand. 
Some geometric structures. It is standard notation to let (9, 9) denote a point-line 
geometry; that is, a bipartite graph determined by vertices partitioned into a set 9 of 
points, and a set 9 of lines. In our examples lines will always be incident with 3 points. 
It is convenient to identify the lines 9 with the corresponding 3-subsets of 9; and then 
let rdenote the collinearity graph on the vertices 9. Indeed, we usually abuse notation 
by also using the vertex-set r to denote the points; so we rarely refer to 8 henceforth. 
We let G denote the group Aut(r), in our cases of structure 3D,(2) : 3 or J2 : 2; the 
simple group arises as the commutator G’. 
Using the graph, we can define on f x r the usual graph distance d(o, y) between 
points w and y, determined by the number of lines in a shortest path. Thus in the 
3D4(2) generalized hexagon the maximum value of the distance d is 3, while in the J2 
near-octagon the maximum distance is 4. By the transitive action of the group 
G = Aut(T), we may as well fix some particular initial point w, and view d as a 
function just on rgiving the distance from w. For a fixed value e of the distance d, we 
let c denote the set of all points of that distance e from w; and, correspondingly, r,, 
the points at most that far away. In the examples we consider it is standard to verify 
that the stabilizer G, is transitive on each c; and the sizes of the c are easily 
computed. More generally, for a set Y of points we will use the corresponding 
subscript, as in Y,, to denote the subset at a fixed distance. 
Our geometries have order (2, 29, with a = 3 in case of 3D,(2) and a = 2 in case of 
J2: the first parameter 2 indicates that there are 2 + 1 = 3 points on each line, and the 
second 2” that there are 2” + 1 lines through each point. It is convenient to partition 
r,, and r,, further using the following notation: 
DEFINITION~.~. For i=1,2,. . . , 2” + 1, we let Li denote the ith line on our fixed 
point W; and Mi the points of G on lines through points of Li. 
We will also require information on connectivity of certain subgraphs. Therefore let 
e denote the maximal distance; 3 in a hexagon, 4 in a near-octagon. Then lines L with 
two points in c and the third point in r,_, induce a subgraph structure on c. The 
connected components of these graphs are described in general by Cohen and Tits in 
Lemma 3 of [3]; and in more detail for the particular geometries in the later sections of 
that paper. We reproduce some salient features here (and will quote others later as 
needed). 
The connected components of 4 are in fact described by Cohen and Tits in terms of 
a lubefling. We first fix some assignment of the names iO and iI to the two distance -1 
points of the ith line Li on w. Then a point y of c has its label given by a vector the ith 
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entry of which is 0 or 1, just as the shortest path from w to y via Li requires i0 or i,. 
Adjacency is determined by differing in all but one entry; but every label has two 
points that share it, so that a component is a double cover of the corresponding graph 
with unique labels. 
Finally, we establish notation for describing the universal embedding. We let a 
denote the vector space over F2 generated by vectors corresponding to the points 9, 
subject to the relation that the sum of the three vectors for points of a line JZ is zero. 
(Thus the 3 ‘point spaces’ generate a 2-dimensional, rather than 3-dimensional, ‘line 
space’.) In general for a subset S of points, we let 3 denote the subspace of A spanned 
by the l-spaces for the points in S. Thus, for example, B is l-dimensional, while ii is 
2-dimensional (with l-spaces given by 6, f 
definition F is all of A. 
,, and 2, in the above notation); and by 
Our proofs will proceed by finding a suitable spanning subset S,, of 28 points; 
namely, one satisfying G8 = f = a; this just says that every point y is equivalent, by 
means of the line relations, to some subset of the chosen 28 points. In particular, this 
will give an upper bound dima s 28. We construct ,C& by building up from sets S,, for 
smaller sizes a: judiciously choosing points from rG2, and then using connectivity via 
lines to minimize the number of additional points from r; and q we might need. 
Our upper-bound calculation will suffice to establish the Main Theorem, in view of 
the lower bound of 28 given by the well known embeddings of these geometries in the 
relevant adjoint modules: 
LEMMA 2.2. (a) The 3D,(2) hexagon embeds in the adjoint module A for D,(8) (read 
over F,). 
(b) The J2 near-octagon embeds in the adjoint module A for G,(4) (read over F,). 
Thus, in either case, dim a 3 28. 
We offer the following as a sketch of the argument. Straightforward computation in 
any root system shows that the long-root point-line geometry embeds as l- and 
2-spaces in the adjoint module A. For the lemma, we take the adjoint modules for the 
overgroups D,(8) 3 3D,(2) and G,(4) 3 J2; these modules are defined over the fields F, 
and F,. 
In the first case, the restriction of the 28-dimensional adjoint to the subgroup ‘D,(2) 
has character in the prime subfield FZ (see, for example, the Atlas [4]): since Schur 
indices are 1 for finite fields, the restriction of the module A to the subgroup can be 
written over F2. In particular, the point and line stabilizers of the subgroup now 
determine l- and 2-spaces over F, rather than Fg, so that A affords an F,-embedding 
of the geometry for “D,(2), giving (a). Actually, since the adjoint module is not 
irreducible in characteristic 2, we also need the remark that a suitable form of the 
adjoint has composition structure 26/(1+ l), so that the point spaces span the full 28 
dimensions, rather than just 26 or 27. 
In the second case, we regard the 1Cdimensional F,-module A as a 28-dimensional 
F,-module for the subgroup J2. We make use of the inclusions G,(2) c.& c G,(4): we 
see that A splits under G,(2) as the sum of two 1Cdimensional adjoint F,-modules for 
that group, with its point stabilizer 2’+4s3 fixing a corresponding vector in each. Then 
the sum of these two vectors is in fact fixed by the larger point stabilizer 21+4A, of J2; 
and its conjugates under the corresponding line stabilizer 22c4S3 define a 2-dimensional 
space. Thus A affords an F,-embedding of the geometry for JZ, establishing (b). (The 
module is irreducible for J2, so certainly the point spaces span the full 28 dimensions.) 
Finally, by the universality in the definition, the particular embedding A in the 
adjoint must be a quotient of the maximal embedding A, giving the lower bound of 28. 
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The dual G*(2) hexagon and its embedding. Both the geometries that we consider will 
involve subgeometries isomorphic to the dual generalized hexagon for G2(2); we will 
refer to these as subhexagons, and denote a typical one by H. The stabilizer GH is in 
both cases essentially a subgroup G,(2). It will be convenient in our proof to make use 
of standard information on such hexagons, which we now collect. 
The hexagon geometry is of course well known; a convenient reference is Section 5 
of Cohen and Tits [3]. We note that G,(2) has order 2h337, with point stabilizer 2’c4S1; 
its index 63 gives the number of points.. In fact, both the classical and dual hexagons for 
G,(2) are of order (2,2) and so have 3 points per line, and 3 lines per point. 
Transitivity of G on r shows that any choice of a point and 3 lines on it determines at 
least one subhexagon. It is notationally convenient to assume that our chosen point w 
lies in H; and that the three lines of H on o are just the first three lines L,, Lz, L, of f 
on w. We denote the sets of points at various distances from o by H = HO U H, U Hz U 
H3, of corresponding sizes 63 = 1 + 6 + 24 + 32. 
We record the structure of the graph on Hj in the sense of the previous subsection. 
(Since it is determined by the three lines L,, L?, L3 on o in H, it is a subgraph of that 
on r, for the larger geometry.) 
PROPOSITION 2.3. In a dual hexagon, H3 consists of two connected components of 
size 16, each the double cover of a 3-cube graph. 
PROOF. This is Step 9 of Section 5 in Cohen and Tits [3]. Notice that our dual 
hexagon, as distinguished from the classical hexagon, is their ‘aperiodic’ case. cl 
Furthermore, the maximal embedding of a dual hexagon is known to be the 
corresponding adjoint module. We record that it maps faithfully into the universal 
embedding A for the overlying geometry r: 
LEMMA 2.4. The subhexagon H determines a subspace l? E a of dimension 14. In 
particular, i, + L, + I$ has dimension 4. 
PROOF. Universality of the 1Cdimensional adjoint of G,(2) is the previously 
mentioned result of [7, Ex. 41. This guarantees that fi has dimension at most 14 in a. 
But the adjoint is irreducible for G,(2); and point spaces cannot collapse to 0 inside a, 
in view of 2.2. So the subhexagon must embed faithfully. Since the 2-spaces ii have the 
l-space ii, in common, together they span a space of dimension at most 4; equality is a 
simple computation, in fi regarded as the Lie algebra of type G2. cl 
In fact, we will require information about more detailed internal features of the 
adjoint module for H. For this we will need to define some further substructures, 
determined by the components of H3 in 2.3. The edges in H3 of course come from lines 
the third points of which are in the distance-2 subsets we called M,, Mz and M3 above. 
If we now remove the edges going to points of M,, each of the 16-point components of 
2.3 breaks up into a pair of ordinary octagons, the edges of which have their third point 
alternately in Mz and M3. We will call the set of 8 points in M2 U M3 thus determined 
by an octagon in H3 a 23-octagon (although these 8 distance-2 points do not literally 
form an octagon in the graph-they correspond to the edges in a circuit of length 8 in 
H,). For such a 23-octagon, we call the 4 points lying in M2 a 2 half-octagon of type 3; 
and symmetrically the 4 points lying in M3 determine a 3 half-octagon of type 2. A 2 
half-octagon contains the distance-2 points of just one of the two possible lines into H, 
on each of the points & and 2,. 
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Finally, we will refer to the set M, n H of 8 points at distance 2 as a I-quartet of type 
23; this refers to the quartet of lines so determined, two from each of the points 1” and 
1, into M,. One checks that each l-quartet is the union of two 1 half-octagons of type 2 
and also the union of two 1 half-octagons of type 3. In both our underlying geometries 
r, the group G = Aut(r) is 3-transitive on the lines on o, so that we have similar 
definitions for all triples of indices. We will call a subhexagon on o in r an 
ijk-subhexagon if its lines on o are Li, Lj and Lk. 
Here are the technical spanning results we will need: 
LEMMA 2.5. Suppose a set T,, of 12 points of H consists of W, lo, 2<,, 3,, and either: 
(a) 4 points of M,, 3 of M2, and 1 of M,--no two collinear; or 
(b) 4 points_of MI, and 4 of a 23-octagon-no two collinear. 
Then T12 = HG2 of dimension 12. 
LEMMA 2.6. Assume for a set T that L, + L, G T and (A, + I&) rl fi c T. Then also 
L,c T. 
PROOF. These are obtained by direct computation using the explicit description in 
[3, p. 221. The proof is achieved by applying the following observation to appropriately 
chosen circuits: if aOal - - - ak = a, is a circuit of length k, then the sum CF=, ai_, * ai in 
A of vectors for corresponding points is zero. (As in [3], p *q denotes the third point 
on the line containing the collinear points p and q.) Full proofs can be found in (61. Cl 
3. THE NEAR-OCTAGON FOR THE HALL-JANKO GROUP 
The main result of this section is as follows: 
THEOREM 3.1. The universal F,-embedding A for the .tz near-octagon has dimension 
28. 
In view of the lower bound determined by the adjoint module of G,(4) in 2.2(b), it 
will suffice to obtain the upper bound: 
PROPOSITION 3.2. dim a g 28. 
By way of general introduction, we recall the standard fact that the automorphism 
group G = Aut(T) of the near-octagon is J,:2 of order 2x33527. The point stabilizer G,,, 
has structure 21f4As:2; its index gives the number of points; namely, 315. As 
previously noted, there are 3 points per line, and 5 lines per point. The distance-sets 
r=&‘)U&UTzUrjU&havesizesgiven by315=1+10+80+160+64. 
For the latter stages of the construction of a spanning set &, we will need some 
connectivity results, for which we follow Cohen and Tits [3, Sec. 71. 
3.3. The 64 points of T4 form a single connected component. 
PROOF. This is Step 1 of Section 7 in [3]. 0 
Still following Cohen and Tits, we can defined a similar graph on the points & of 
almost-maximal distance; we proceed as in the construction for r4 in Section 2, but now 
use only those lines between r, and r,. For a point y E c,, we find that exactly 4 of the 
5 lines on y go back into G (and just one forward into &). These 4 lines extend to 
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shortest paths back to w via just 4 of the 5 lines Li on o. It is natural to define Q, as the 
set of points of r, for which the ith line Li does lzol arise in the indicated shortest paths. 
The corresponding connectivity result we need is as follows: 
3.4. The 160points of G fall into 5 connected components of size 32, given by the 4. 
PROOF. This is Step 2 of Section 7 in (31. 0 
We can also take advantage of subhexagon configurations: 
3.5. Just two subhexagons H, H’ contain L, U L, U L3; and then H fl H’ = L, U L2 U 
LY 
PROOF. The stabilizer G, = G,(2) has order 26337, so its index gives the number 
2252 = 100 of subhexagons. And each subhexagon has 63 points, on which GH is 
transitive. We divide the product 6300 by the number 315 of all points (on which G is 
transitive), to see there are, as above, 20 hexagons on any point such as our chosen o. 
But, of course, in H, the point o determines uniquely the set of three lines of H 
through it; and 3-transitivity of the A5 in G, on the lines Li gives transitivity on the 
(2) = 10 triples of lines. We conclude that there are just 20 . l/10 = 2 subhexagons H, H’ 
on our standard 3 lines L1, L2 and L3 on o. 
Similar calculations will establish the content of H f~ H’. First let y denote a point of 
H3. For fixed w there are 20 ways of choosing H (thus determining the triple L,, Lz, 
L3); and then inside H there are 32 choices for y E H3, for a total of 640 choices of 
(H, y). But, as above, there are 10 possible triples of r-lines on w; assuming the triple 
is Li, L2, LX, the point y must then be one of the 64 points in Sz, U Qs. Thus there are 
640 ways of choosing first the line triple and then y, leaving only one possible choice 
for the hexagon H. This forces H f~ H’ c II,,. 
Now consider a point y of H2 lying, say, in M,, and therefore determining a line L 
back to L1 (the full line L would lie in H fl H’ if y did). As before, for w there are 20 
possible hexagons H each determining a triple of lines; then there are 6 points in H,, 
each determining 2 H-lines into H2. So there are 20 * 6. 2 = 240 possible choices (H, L). 
On the other hand, we saw before that there are 10 choices of triples of r-lines on o, 
and then 6 adjacent points on these lines; but these points each have 4 r-lines into r;i. 
Thus there are 10 - 6.4 = 240 ways of choosing the line-triple and then L first. This 
leaves only one way of choosing H; so that H’ cannot contain the point y above. 
Consequently, H and H’ intersect precisely in the lines L,, L2 and L3. 0 
This suggests our initial result on partial spanning: 
3.6. dim(fi + fir) = 24. 
PROOF. By 2.4 we have dim fi = 14, and similarly for fi’. Since the subhexagons 
intersect by 3.5 in the lines L,, L2, L3, we see also by 2.4 that fi and fi’ intersect in 
dimension at least 4; hence their sum has dimension at most 14 + 14 - 4 = 24. As in 
2.4, equality comes from the explicit embedding in the adjoint A of G,(4). cl 
Now the above dimension comes essentially by quotation, rather than by construc- 
tion of a specific spanning set. But, for notational consistency, we may as well assume 
that fi + H’ is spanned by a set & of 24 points, four common points o, l,,, 2, and 30 
spanning the 4-dimensional intersection, and 10 additional points from each of H and 
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H’. So we henceforth write fi + A’ as &. The heart of the proof involves showing that 
the two subhexagons panning &, already account for all points at distance up to 2, as 
well as some at distance 3: 
LEMMA 3.7. &, 2 f’,, + 8, + &,. 
PROOF. Notice that M, n Z-Z (a l-quartet of type 23 in the terminology of Section 2) 
contains 8 of the 16 points of M,, so by non-instersection in 3.5 we see that M, n H’ 
must contain the other 8. In this way we see that $,, contains Z&,, and we obtain & 
and I& by symmetry. 
Also we noted during the proof of 3.5 that H3 U Hi must lie in Q,, U Sz,; indeed, by 
non-intersection in 3.5 we see that these sets of size 64 must coincide. Thus &, also 
contains si, + si,. 
Next we let I and I’ denote the two 124-subhexagons of 3.5, for this new triple of 
lines; analogously, we have Z, U 1; = ii& U s2,. Now Sz, is in our span by the previous 
paragraph, and consists of two 16-point connected components of 2.3, one for each of Z 
and I’. The lines in these components have 2 points in Qs, and therefore span their 
third point; in particular, we obtain the 8 points of each of the 4-quartets M4 17 I and 
M., n Z’ by non-intersection in 3.5 applied to I and I’. This shows that Szd contains &. 
But, similarly, lines with 2 points in M, then span their third point in L4, so that also 
& contains L,. (Or we could use 2.6 for this fact.) Arguing symmetrically with the 
125-subhexagons and Sz,, we obtain MS and Lg. 
have f’,, in &,: 
Now, with all Li and Mi spanned, we 
with the earlier work on &, and ds, this completes the proof of 
Lemma 3.7. cl 
The rest is easy. We form S,, by adding to & one point from each of Q,, Sz, and 
Q,. Applying connectivity in 3.4 we extend the previous result 3.7 to see that & 
contains the span of ZY,,. Finally, we form S,, by adding to &,, one further point from 
&; and then connectivity in 3.3 with the previous result shows that & contains 
f+, = Z? This proves the upper bound in Proposition 3.2, and so also establishes 
dimensions 28 in Theorem 3.1. 
4. THE (2,8) GENERALIZED HEXAGON FOR ‘D,(2) 
The main result of this section is as follows: 
THEOREM 4.1. The universal F,-embedding a of the ‘D,(2) hexagon has dimension 
28. 
In view of the lower bound determined by the adjoint module for D,(8) in 2.2(a), it 
will suffice to obtain the upper bound: 
PROPOSITION 4.2. dim a < 28. 
We first recall some standard information; most can be found in [3, Sec. 61 and [2]. 
The automorphism group G = Aut(T) of the hexagon is 3D,(2):3 of order 212357213. 
The point stabilizer G, has structure 2l+* SL,(8):3; it has order 212337, so its index 
3* .7 - 13 gives the number 819 of points. As noted in Section 2, there are 3 points per 
line, and 9 lines per point. The distance-sets r = r, U 4 U r2 U r, have sizes given by 
819=1+18+288+512. 
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The normal extraspecial 2-subgroup 2i+’ of G, acts regularly on the 2’ points of c,. 
For E E & the stabilizer G,, is SL(2, 8) extended by a field automorphism of order 3, 
and this group acts 3-transitively on the 9 lines containing E as well as on the 9 lines L, 
on 0. 
Compared with the near-octagon of the previous section, the larger size of the 
present hexagon (especially the greater number of lines per point) forces a more 
delicate analysis. In particular, on the maximal-distance set r; we will use certain 
obvious subgraphs of that of Cohen and Tits from Section 2. For each k (with 
1 <k s 9) we let r$ denote the graph on r, the edges of which are given by the lines 
with two points in r,, and third point in one of M,, M2, . . . , I&. An easy refinement 
of the connectivity result for the Cohen and Tits graph rz is as follows: 
LEMMA 4.3. For each k G 8, the graph r$ has 2X-k connected components, of size 
k+l 2 . 
PROOF. We review from [3, Sec. 6, Step l] that the labelling of 4 makes c a 
connected 2-cover of the graph on even-weight vectors of 9-space over FZ, in which 
edges are given by agreement in a unique co-ordinate. (Notice that our assertion for 
k = 8 includes connectedness also for c). The distance-l points in Lj are designated iO 
and il; and each point 5 E r, is labelled by a 9-vector the ith co-ordinate of which is 0 
or 1 as a shortest path from g to o passes through iO or i,. An edge given by a line the 
third point of which is in Mi connects 2 points the labels of which agree only at index i. 
Let %’ be a component of r$, with x E %‘; and let 9 be the set of all points y of r; 
such that for all co-ordinates beyond the kth, the labels of x and y are either all 
identical or all different. Since labels have even weight, and 2 points share each label, 
the size of 3 is 2k+1. Clearly, no edge could take % outside of 9. It will suffice to argue 
by induction that V = 9; indeed, even that all components ‘% have size at least 2k+‘. 
By 3-transitivity of G,, on the L; we may, as in Section 3, consider a standard 
hexagon H on L,, Lz, L,. We consider the base step k = 2: the components for the 
subgraph H$ of r: are precisely the ordinary octagons we saw in Section 2, partitioning 
the 16-point components in Lemma 2.3 by ignoring lines from M3. So such components 
have size at least 8, as desired. And since every point of 4 has shortest paths to w 
through L1, L2 and LJ, all such points determine 123_subhexagons, o the previous 
remark shows that all components for k = 2 have size 8. 
If now we assume inductively that the assertion holds for k - 1, we see that an edge 
of the new type k joins previously unjoined points the labels of which agree at k and 
differ at all larger indices. So components at least double in size, and then I%( 2 2k+‘, 
as required. This establishes the inductive statement, and the assertion of Lemma 4.3 is 
an immediate consequence. 0 
Some useful substructures. As in Section 3, our analysis will center on subhexagons 
H. This time the stabilizer GH = G,(2) X 3 has order 26347, so its index 263 .7. 13 = 1344 
gives the number of subhexagons on our chosen point w. And now there are (s) = 84 
triples of r-lines on o; hence 1344/84 = 16 subhexagons on L,, L2 and Lx. (Thus, in 
fact, the 123-subhexagons H partition G into 16 disjoint sets H3.) These values 1344 
and 16 are considerably larger than the 20 and 2 we had in Section 3: it will be more 
complicated than in 3.5 to analyse possible intersections H fl H’, which can now 
exceed L1, L2 and L3. The next few results lead up to a full description in 4.8. 
As in the previous section, it is convenient to state results for a standard subhexagon 
H on L,, Lz and L,; by 3-transitivity the results hold for other triples of lines. 
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LEMMA 4.4. There are exactly eight 1 half-octagons of type 2 and exactly four 
l-quartets of type 23. Either collection forms a partition of M,. 
LEMMA 4.5. (a) Let A and B be lines from points lo and 1, into MI. Then there is a 
unique j such that A2 U B2 is a 1 half -octagon of type j. (Recall that A2 U Bz means the 
set of distance 2 points in A U B.) 
(b) Let D and D’ be distinct 1 half-octagons of type 2. Then there is a unique index k 
such that D U D’ is a l-quartet of type 2k. 
PROOFS. We saw in Section 2 that every 1 half-octagon can be decomposed as 
AZ U BZ, where A and B are lines from 1, and 1, into AZ,, 
We claim first that if A, B are lines from lo, l1 into M, then A2 U B2 is a 1 
half-octagon of type j for at most one index j. Let a E A2 and b E BZ. Then the path 
alJ,b shows that a and b are at maximal distance. The regulus property (see [3, p. 14 
and Section 6, Step 21) now provides a point c such that c is collinear with x * y, 
whenever axyb is a path from a to b. Since l,, * 1, = w, we must have c E r,, so that c 
must lie in some L,. Suppose A2 U B2 is a 1 half-octagon of type k. Then A U B E H for 
some lkf-hexagon H, 1 an index different from 1,k and irrelevant to the further 
discussion. Inside H there is a path axyb with X, y E r;(w) and x *y E Mk. (Here 
a, x *y, b correspond to alternating ‘sides’ of a lk-octagon in H.) By the regulus 
property, x * y is collinear with c E Lj, hence must lie in L, U Mj. Therefore k = j, and 
the claim is established. 
We next observe that every point in M, belongs to 1 half-octagons and l-quartets of 
all possible types. Indeed, let j and k be distinct indices larger than 1, let a E M, , and 
choose a point &! in r, collinear with a. Then 5 belongs to a ljk-hexagon H, and a must 
lie in H, because it is on the only length-3 path from w to E containing 2 points of L,. 
Within H, a must belong to 1 half-octagons of types j and k and also to a l-quartet of 
type jk. 
Therefore each point in M, belongs to 1 half-octagons of all 8 types. It follows that 
for every line A from lo into M, and every index j > 1 there is a line B from 1, into M, 
such that AZ U B2 is a 1 half-octagon of type j. Since there are 8 indices j > 1 and just 
8 lines from 1, into MI we conclude from the previous claim that 4.5(a) holds. 
Furthermore, every point in MI must belong to a unique 1 half-octagon of type 2, so 
the set of such half-octagons forms a partition of M,, as does the set of all I 
half-octagons of type 3. Recall that if Q is a l-quartet of type 23, then Q is a union of 
two 1 half-octagons of type 2 as well as a union of two 1 half-octagons of type 3. If (2’ 
is a different l-quartet of type 23, then Q n Q’ is a union of 1 half-octagons of type 2, 
and also a union of 1 half-octagons of type 3-since both Q and Q’ individually are 
such unions. Now a 1 half-octagon of type 2 cannot also be a 1 half-octagon of type 3, 
and Q #Q’; so we conclude that Q n Q’ = 0. This establishes the assertion about 
partitions in 4.4. The other assertion there follows by counting. 
It remains to establish 4.5(b). Let D be a 1 half-octagon of type 2, and let x E D. Let 
k be an index larger than 2, and let Q“ be the l-quartet of type 2k containing X. Then 
Qk = D U Dk for some 1 half-octagon Dk of type 2. Since there are seven 1 
half-octagons D’ f D of type 2 and also seven indices k > 2, it suffices to show that the 
7 half-octagons Dk are distinct, or equivalently that the 7 quartets Q” are distinct. 
Suppose j f k. Without loss, x lies on a line A from 1,) into M,. Then the points of Q” 
collinear with l1 are of form B2 U B;, where B and B’ are lines from 1, into M,. From 
(a) we conclude that A, U B, and A2 U B; are 1 half-octagons of types 2 and k (not 
necessarily in that order). We also conclude that Qk does not contain a 1 half-octagon 
of type j, whence @ f Qk. So the 7 quartets are distinct, as required. 0 
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LEMMA 4.6. If H contains a 1 half -octagon D, of type 2, and a 2 half -octagon D, 
type 1, then D, U D2 is a 12-octagon. 
PROOF. We may restrict our attention to subsets of H, where the assertion 
sf 
is 
essentially implicit in Section 2: we recall that ignoring the lines from M3 into H3 
reduces the two 16-components in Lemma 2.3 to 4 ordinary octagons, each of which 
determines a half-octagon of each type. But there are only 2 half-octagons of each 
type. So the octagons are precisely the 4 pairs, consisting of one of the half-octagons of 
each type. In particular, each pair does occur, establishing 4.6. n 
Lemmas 4.6 and 2.5 have the follwing corollary, which will be useful for bringing 
parts of r, into the span of various sets. 
NOTE. From now on, we often abuse notation by letting a set X of points also stand 
for its span 2 in the space a, when the set itself rather than the span is of actual 
interest. 
COROLLARY 4.7. Let H be a 123-hexagon, and let Qj = H I-I Mi, i = 1, 2, 3. Suppose 
S c 9, where Li E 3, i = 1, 2, 3 and Q, E 3. Assume further that either: 
(a) Q*c$and Q3fI!?#0; or 
(b) Q2 fl 3 contains a half -octagon of type 3 and Q3 n 3 contains a half -octagon of type 
2. 
Then HS2 E 3. 
Next we show that each of the 16 123-subhexagons i determined by any two of its 
three quartets, each of which can be chosen arbitrarily from the 4 of the appropriate 
type. In view of Lemma 4.4 we may for each i E (1, 2, 3) denote the four i-quartets of 
a given type by Q,,, for a in some index set of size 4. Then the 3 quartets in a 
123-subhexagon H can be described by a 3-vector ((Y, , Q, a3). 
PROPOSITION 4.8. The indices a can be chosen from the field F4, so that the 
123~subhexagons H are determined by the 16 vectors of form (a, f3, a + f3). In 
particular, H intersects another H’ in the Li and at most one of the Qilu. 
PROOF. Certainly every 123-subhexagon H determines a pair QIn and Q,, of 
quartets, and there are 16 possible pairs (Y, /3 to choose from. 
We first claim that all 16 pairs arise, and in particular that any two co-ordinates 
determine H (and hence determine the third co-ordinate). Suppose not, so that distinct 
subhexagons H and H’ both contain Q,, and Qw. Let x E Q,, be collinear with lo, via 
line A. We recall that the 8 points in Qzs are just the distance-2 points Cz from 4 lines 
C from the points of Lz into Mz. Now A2 lies in a unique 1 half-octagon D of type 2, 
and any C2 lies in a unique 2 half-octagon D’ of type 1. By Lemma 4.6, A2 U C2 lies in 
some 1Zoctagon. So one of the points y E C, is connected to some x E A2 by a path of 
length 2, where the intermediate point z lies in H fl&. Since the points X, y lie in the 
hexagons H, H’, also the path of length 2 joining them (unique even in r) must lie in 
both H and H’. But recall here our earlier remark that the 16 123-subhexagons 
partition G, so that H Cl H’ c I-,,. This contradiction establishes that all 16 pairs arise, 
and that any two co-ordinates determine the third. 
One motivation for using 3-vectors ((.u, /3, cx + /I) with indices in a field of 
characteristic 2 is that then any two co-ordinates determine the third-as we know 
holds for quartets in subhexagons, from the first paragraph of the proof. However, we 
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emphasize that the F,-vector description that we now develop is for notational 
convenience, and does not seem to embody any real additive structure on the 
subhexagons. 
The F, notation is more cogently suggested when we consider the orbits of a 
particular group of order 18 on the 16 123~subhexagons. The subhexagons are 
permuted by the set stabilizer of the lines L, , L2 and LX, of structure 2’+8(Sg x 3), with 
point stabilizer 2’+4(S3 x 3). We also fix a particular point ,$ E I;, and let K denote the 
stabilizer Gas of structure S&(8): 3. We concentrate especially on the set stabilizer in 
K of L, , L2 and L3, which is just the stabilizer KH of our standard 123-subhexagon H: 
_KH has structure S, x 3. We realize this group by means of particular elements as 
(0, t> x (cl>; h w ere 8 of S&(8) induces the permutation (1,2,3) on the first 3 lines 
and two other 3-cycles; t is the involution of SL,(8) fixing just L, and transposing L2 
and L3, as well as 3 other pairs; and p is a field automorphism of order 3 on SL,(8), 
fixing each of L, , L2 and L3, but acting in 3-cycles on the remaining 6 lines. 
To justify the use of F4 in more detail: our group KH stabilizes the particular 
hexagon H, the quartets of which we may as well denote by Q,. The other orbits of 
KH on the 123-subhexagons have lengths 6 and 9, given by those hexagons intersecting 
H in just the lines L;, or in these lines plus one of the Qi,,. It is desirable to assign 
further indices so that (Qi,)” = Qivrr (and then 0 acts as a permutation matrix on 
3-vectors). Regular action of p on the three other quartets for each i is achieved by 
letting the remaining co-ordinates be the non-zero elements of F4, with p acting as 
multiplication by a generator (a cube root of unity)--hence acting on 3-vectors as a 
scalar matrix of order 3. These choices then realize the desired orbit structure. cl 
The following corollary to Proposition 4.8 is analogous to 4.6. 
COROLLARY 4.9. Suppose that Qi is an i-quartet of type jk, and Q, is a j-quartet of 
type ik. Then there is an ijk-hexagon H such that Qi U Qj E H. 
We already know that we can write any M, as the union of 4 disjoint i-quartets of a 
given type, and that every i-quartet is a union of 2 disjoint i half-octagons of the same 
type. It turns out to be convenient (for spanning points at distance 2) to introduce one 
further notion, an i-split; namely, a union of two i-quartets of a given type. We shall 
see that this construction has partition properties analogous to those of half-octagons 
and quartets given in Lemmas 4.4 and 4.5; but it requires a little care to define the type 
of a split. 
DEFINITION 4.10. Let X c_ Mi. (a) Then X is an i-split if X = Q U Q’, where Q and 
Q’ are i-quartets of the same type. 
(b) An i-split X has type Sp, where d is the set of all indices j such that X is a union of 
(four) i half-octagons of type j. 
(c) If an i-split of type d exists, we call (a, i) an admissible pair. 
REMARK. It is not difficult to see that if .& is the type of some split, then 
2 c Is&l & 4. We shall eventually establish that always l&l = 4, and characterize 
admissible pairs using the action of K = Gws on the set of indices. 
To analyse splits, we assume for notational simplicity that i = 1. We first introduce a 
further labelling of lines A on lo and B on 1, that will help to identify specific 
half-octagons and quartets. (To avoid conflict with our subscript 2 to denote the subset 
of points at distance 2, we will make these labels superscripts to A and B.) 
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This labelling will be with respect to the following conventions. Fix x E M, adjacent 
to lo, via line A’; and E E r; adjacent to X. Then K = Gc,,E = SL,(8): 3 acts on the set of 
all subhexagons containing w and 5 in a way compatible with its 3-transitive action on 
(1,. . . ,9}. In particular, the sub-stabilizer K, of line L, acts on the set of all 1 
half-octagons containing X, on the set of all l-quartets containing X, and also on the set 
of all l-splits containing X. 
From the structure of SL(2, 8) we see that K, has a normal elementary group E of 
order 8, regular on lines L2 . . . Lg, extended by a cyclic group of order 7 which fixes a 
further line (say L,), and cycles the remaining 7 lines. This subconfiguration is further 
extended by a field automorphism of order 3; we may choose it to be the p in 4.8, 
normalizing the new element of order 7, and also fixing L3 (but permuting the 
remaining lines in two 3-cycles). In particular, only the identity element of K fixes 4 
lines. 
Suppose first that B is a line coming from 1, into Mi. By Lemma 4.5(a), D = A; U B2 
is a 1 half-octagon for a unique type j. Correspondingly, we label B with this unique 
index j, as Bi. We refer to the set of 8 labelled lines Bi on 1 1 as .5!?, . The action of K, on 
the Bj is compatible with its action on (2, . . . ,9}. In particular, a Sylow 7-subgroup 
fixes just one of these 8 lines, and a Sylow 3-subgroup (such as (cl)) fixes just 2 of the 8 
lines. 
Next let & denote the set of 8 lines A from lo into M,. As above, a Sylow 
7-subgroup of K1 fixes just the chosen A’, and a Sylow 3-subgroup fixes just 3, 
including A’. If Q is a l-quartet of type jk containing A’, then Q also contains the 
distance-2 points of some further line A of .$,. We want to use this pair jk to label A as 
Ajk. Since there are (:) = 28 such pairs, and 7 lines A #A’, we see that each such line 
is in fact labelled by 4 such pairs. We now characterize which 4 pairs label a particular 
line A ; this leads immediately to a useful characterization of those admissible pairs for 
which the type has size 4 (which we soon see describes all pairs): 
LEMMA 4.11. (a) (jklm, 1) is an admissible pair ifl K, contains an involution with 
cycle structure (jk)(fm)(**)(**). 
(b) If (a, 1) is an admissible pair with l&l = 4, then so is ((2, . . . , 9}\&, 1). 
PROOF. Continuing the notation just introduced, with A some line of .=& other than 
A’, we claim that the labels for A are the 4 pairs transposed by some involution in 
E E Syl,(K,). If t E K, has order 3, then t fixes 2 lines B’, Bk on 1,. Similarly, t must fix 
a unique line A #A’ of Z(,. Since t clearly fixes the l-quartet of type jk containing X, 
we see that A has at least the label jk. Conjugating t by elements of E (which acts 
regularly on ,fe, and fixes all 7 A #A’), we see that each of the 4 labels must be a pair 
of fixed points for some Sylow 3-subgroup of E(t). Then these 4 pairs are exactly the 
orbits of the central involution in that group; namely, the one in C,(t). This establishes 
the claim. 
We continue earlier notation of letting a subscript 2 denote the distance-2 points of 
the lines under consideration. Then A& U B$ is a 1 half-octagon of type j for every j; 
and A; U Ask U B$ U B$ is a l-quartet of type jk for every pair of appropriate indices j 
and k. Since Lemma 4.4 implies that every l-quartet of type jk is a union of 2 disjoint 1 
half-octagons of type j, it follows that Aik U B$ is also a 1 half-octagon of type j. 
Suppose that K, contains an involution with cycle structure (jk)(fm)(**)(**). Then 
K, contains a 4-subgroup V such that d = {j, k, I, m} is a V-orbit on (2, . . . ,9}. Then 
for any partition pq 1 rs of d, a line with label pq also has label rs. It follows from the 
decomposition in the previous paragraph that the set defined by the following is a 
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union of 1 half-octagons of type p for every p E ~4: 
4.12. X, = [A’ U UP.qe#‘9 U UPe.s4 BP]2 
This implies in particular that X, must contain every 1 quartet of type jk that it 
meets, whence X, is a union of such quartets. Since IX,1 = 16 we conclude that X, is 
a union of 2 such quartets, hence a l-split, necessarily of type &. This also shows that if 
K, contains an involution with cycle structure (jk)(lrn)(**)(**) then ({j, k, I, m}, 1) is 
an admissible pair. 
Conversely, assume that (93, 1) is an admissible pair, where $% = {j, k, I, m }. 
Without loss, we may assume that x belongs to a l-split X of type 93_ Then A; s X and 
BG 5 X for all n E 8. It follows that the set of lines A #A’ in s with A, G X is 
{A’k, A”, A’“} = {A”, Ak’, A”“}. F rom the identification of labellings of z4;, in the 
claim, we conclude that Ajk = A”” and that K, contains an involution with cycle 
structure (jk)(lm)(**)(**), as required to establish (a). 
Assertion (b) is now a straightforward consequence. 13 
In the course of proving Lemma 4.11, we also established the following fact: 
LEMMA 4.13. If X is an i-split of type jklm, then X is the union of two i-quartets of 
type jk. 
We now show that the type of a split is necessarily of order 4, so the admissible pairs 
appearing in Lemma 4.11 are in fact the only ones that occur. 
LEMMA 4.14. (a) Let (~2, i) be an admissible pair. then 1~41 = 4. 
(b) Let i, j, k, 1 be distinct. Then there is a unique admissible pair (&, i) with 
j, k, 1 E d. 
PROOF. For notational simplicity, take i = 1. Using Lemma 4.11(a), we count the 
number of admissible pairs (.$ 1) with l&l = 4: Each 4-subgroup in K, has 2 regular 
orbits on (2, . . . ,9}; every such orbit .$? yields an admissible pair (a, 1); and every 
admissible pair (Oe, 1) with (&I = 4 determines a unique regular 4-subgroup. Since 
there are 7 such 4-subgroups, we conclude that there are 14 admissible pairs of the 
form (a, 1) with IdI= 4. 
By Lemma 4.13, every l-split X of type &, where ).vZI = 4 is the union of 2 i-quartets 
of type jk, for each pair of indices {j, k} G ~4. Since there are 6 = (z) such pairs there 
must be 84 = 14 * 6 pairs (Q, X), where Q is a l-quartet, X is a l-split the type of which 
has size 4, and Q E X. However, there are exactly 28 = (;) l-quartets, each of which is 
contained in exactly 3 l-splits. So the l-splits the types of which have order 4 account 
for all of the l-splits. Assertion (a) now follows. Assertion (b) then follows from 
Lemma 4.11(a) and the regular action of the Sylow 2-subgroup of K, on (2, . . . ,9}.0 
We note that an i-split must contain exactly half of the points in M,. As the following 
lemma shows, splits also share partition properties like those of half-octagons and 
quartets in 4.4. 
LEMMA 4.15. Suppose that X is an i-split of type s$. Then MiW is also an i-split of 
type d; and these are the only 2 i-splits of this type. 
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PROOF. It follows from the definition of splits and the partition of M, into i-quartets 
in 4.4 that M,\x is an i-split. The partition of M, into half-octagens in 4.4 shows that 
M,\X and X have the same type. To establish uniqueness, suppose that X’ is an i-split 
of type d. Without loss, assume that X tl X’ # 0. Then X fl X’ is a non-empty union 
of i half-octagons of type j for each j E &. This implies that X II X’ contains half of the 
points in Mi, whence X = X’ by counting. Cl 
LEMMA 4.16. Suppose that X is a l-split of type ~4, with j E ~4, and k $ d. If Q is u 
l-quartet of type jk then Q rl X is a single 1 half -octagon of type j. (Thus H fl X is u 
single 1 half-octagon of type j whenever H is a ljk-hexagon.) 
PROOF. We first argue that X cannot contain a 1 half-octagon of type k. It is clear 
that X contains points from exactly 4 of the 8 lines off 1, and 4 of the 8 lines off 1,. This 
implies that each point in X belongs to at most 4 1 half-octagons. Since IDpi= 4, it 
follows that X contains an 1 half-octagon of type 1 if 1 E ~4. In particular, X does not 
contain a 1 half-octagon of type k. 
As Q must contain such a half-octagon, we have Q $ X. Since M,\X is also an i-split 
of type d by Lemma 4.15, we also have Q $ M,\X, giving Q fl X # 0. The partition 
properties of half-octagons given in Lemma 4.4 imply that Q rl X is a union of 1 
half-octagons of type j, so the proper inclusions 0 c Q OX c Q imply that Q n X is a 
single 1 half-octagon of type j. This establishes the first statement. If H is a 
ljk-hexagon, then H fl X = Q n X, where Q = H fl M, is a l-quartet of type jk, so the 
second assertion follows immediately. 0 
The next two lemmas will be useful in forcing large portions of & into the span of 
our constructed sets. 
LEMMA 4.17. Let S 5 9 with L1, Lz, MI, M2 c_ 3: 
(a) Zf j is an index larger than 2, then S contains each j-quartet of type 12 that it meets. 
(b) If j > 3 and 3 contains a 3-quartet of type lj, then 3 contains each j-split of type 123k 
that it meets, where k is the unique index such that ({ 1, 2, 3, k}}, j) is an admissible 
pair. 
PROOF. We have L1, Lz, MI, M2 E 3, so Li 5 s by Lemma 2.6. Let Qj be a j-quartet 
of type 12. Then_Qj is contained in a 12j-hexagon, and it follows from Corollary 4.7(a) 
that either Qj O S = 0 or Qj E S. This establishes (a). 
To prove (b), we first note that Lemma 4.14(b) says that there is a unique index k 
for which ({1,2,3, k}, j) is an admissible pair. It therefore suffices to show that if 
x E $ tl Mj and X is the j-split of type 123k containing x, then X E 3. From Lemma 
4.13 we have x E Q E X for some j-quartet Q of type 12, whence Q E 3 by (a). On the 
other hand, we also have x EIQj E X for some j-quartet Qj of type 13. Let Q3 be a 
3-quartet of type lj with Q3 G S, as we assumed in the hypothesis. Corollary 4.9 implies 
that Q3 U Qj is contained in a 13j-hexagon H. We have L,, Lj, Lj, Q3 c 3. 
Furthermore, by hypothesis, the span of H n Mialies in 3. Since Qj tl$ # 0, Corollary 
4.7(a) implies that Qj E S. We saw already that S contains at least Q of the 2 j quartets 
of type 12 in the split X. Since 3 now also contains the quartet Qj of type 13, and 
Q # Qj because they have different types, we see from part (a) that it must contain the 
other quartet of type 12 in X, and hence all of X. q 
LEMMA 4.18. If ~8 and d’ are distinct types and X # 0 is a union of i-splits of type 
I and also a union of i-splits of type s4’, then X = Mi. 
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PROOF. Lemma 4.15 implies that X must be either a single i-split of type s8 or all of 
Mi. But a single i-split of type d cannot also be of type .&‘I (compare, for example, 
Lemmas 4.13 and 4.16); SO we must have X = Mi. 0 
The spanning argument. At last we can turn to the construction of a spanning set SZx 
of 28 points. 
STEP 1. We will begin by defining certain i-splits for i = 1, 2, 3, to be spanned by a 
suitable set S1, of 17 points. 
We use the indexing scheme Qi, of Proposition 4.8 for the i-quartets of the 
subhexagons on the lines L,, L2 and L3. We will work with the hexagons Htwn, Zf,,, 
and HI,,13 where the subscripts indicate the corresponding 3-vectors. 
From Lemma 4.14(a) and the definition of splits we know that Q,,, and Q3, form a 
3-split Xx, of some type & including 12 and 2 further indices. If necessary we 
renumber the lines Lq, . . . , L9 so that 4 is one of the further indices. In a similar way 
Q,O and Q,, give a l-split Xi of some type ~4~ containing 23; and QZo and Q2, give a 
2-split X2 of some type & including 13. 
These are the splits that we use for our initial set of 17 points. We define S,, to 
consist of: 
4 points o, l,,. 2,) and 3, at distance at most 1; 
4 points from the l-quartet Q,(,, one from each of its lines; 
1 point from Q,,; 
4 mutually non-collinear points from a 23-octagon in QZo U Qlo c H,,; and 
4 mutually non-collinear points from a 23-octagon of Q2, U Q3, t If,,, $. 
We obtain the following: 
4.10. For each i = 1, 2, 3, & =, ii + Xi. 
PROOF. Evidently, ii is spanned by ci, and &. Next we apply Lemma 2.5(b) in the 
hexagon Htm: we constructed Si, to contain 4 non-collinear points from Q ,(I c M, , and 
4 from a 23-octagon in Htm; so that by that lemma, $, contains the span of (ZfCK)(Js2, 
including the span of each Q,. The same argument applies to eOi,, again using Q ,() but 
now a 23-octagon from Q2, and Q,,; and we conclude that & contains the span of 
these further quartets Q *I and Q3,. Finally, we apply Lemma 2.5(a) to the hexagon 
H,,,,: by construction S,, contains one point from the quartet Qll; but now the 
arguments just made show that our span contains all the points of the other quartets 
Qlo and Q3,. So Lemma 2.5(a) shows that & contains the span also of (H,0,)h2, and in 
particular all of the final quartet Q,,. Since X, = Q,, U Qil , and all 6 quartets are in our 
span, the proof is complete. cl 
In order to use the splits Xi in Si7 effectively, we need to know that the index 4 is not 
in the type .~4, or d,. More generally, we show that &, fl &, = (3) or, equivalently, 
that the pairs of ‘other’ indices beyond 1, 2, 3 in the types Op, , .d2 and JB, partition the 
6 remaining indices: 
4.20. &, U d2 U d3 covers all 9 indices. In particular, 4 $ .s!l,, A&. 
PROOF. From the definition of Xi = Qio U Qil, we see using the development of the 
F,-notation in the proof of Proposition 4.8 that (0, r) acts as S, on the Xi, and hence 
on the di. As 6, acts in 3-cycles, the size of the union &, U da2 U ~4~ must be divisible 
by 3. As t has a unique fixed point, the size must be odd. The union already contains 
{1,2,?, 4}, and so must in fact contain all 9 indices, as required to establish 4.20. 0 
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STEP 2. We now expand S,, to a set S,, of 23 points, by adding: 
1 point from M,\X,; 
1 point 4() from L,; and 
4 pairwise non-collinear points from a 4-quartet Q4 of type 12. 
It is convenient first to establish: 
4.21. (a) fi, + h?&~ &. 
(6) I$ c & for all indices j. 
PROOF. Let (Y E Mi. Then there is a 124-hexagon H with LY E H and Q4 E H (see 
Corollary 4.9). Since the l-split Xi constructed in Step 1 has type d1 with 2 E &, and 
4 $ d,, it follows from Lemma 4.16 that X1 fl H is a single 1 half-octagon of type 2. 
Similarly, X2 U H is a single 2 half-octagon of type 1. As L1, Lz, k4, X1, X2, Q4 c &, 
it follows from Corollary 4.7(b) that Hs2 c $+ In particular, LY E S,,. 
This shows that M, E S.,. Interchanging 1 and 2 in this argument shows that M2 E & 
as well, so (a) holds. Assertion (b) now follows from Lemma 2.6. 0 
We can now apply Lemma 4.17 to obtain information about the shape of & fl Mj for 
indices j > 2: 
4.22. Let S,, E S c 9: 
(a) If j is an index layer than 2 then $ contains every j-quartet of type 12 that it meets. 
(b) 3 contains every 4-split of type 1231 that it meets, ((1, 2, 3, l}, 4) an admissible pair. 
(c) 3 contains every 3-split of type 124m that it meets, ({ 1, 2, 4, m}, 3) an admissible 
pair. 
PROOF. Part (a) is a consequence of Lemma 4.17(a) and the previous result. 
By construction and choice of labellings, we have X3 E s, where X3 is a 3-split of 
type & and 1,4 E z&. Lemma 4.13 implies that X3, hence 3, contains a 3-quartet of 
type 14, whence Lemma 4.17(b) applies to give the union of 4-splits in (b). Since & 
was constructed to include Q4 t M4, it follows that S fl M4 does contain at least one 
4-split X, of type 1231 for some 1. Lemma 4.13 implies that $ contains a 4-quartet of 
type 13. Using this just-constructed part of M4, with 4 playing the role previously 
played by 3, Lemma 4.17(b) now symmetrically yields (c). Cl 
PROOF. By construction, we have X c 5? c 3 3 _ I7 _ 23 and & n M3 $X3. It follows from 
4.22(c) and Lemma 4.15 that & contains both 3-splits of type 124m; hence all of M3 
falls into the span &. 0 
STEP 3. By renumbering lines if necessary, we may assume that ({1,2,3,4}, 5) is 
an admissible pair. We define $,, to consist of the 27 points given by & and one point 
from each of MS, M6, MT and Ms. We obtain the following: 
4.24. &jc&forj=l,.._ ,8. 
PROOF. Since $,, c &, we have M,, M2, M3 E & by 4.21 and 4.23. Thus the 
hypotheses of 4.17(b) hold for all j > 3. 
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We argue first that M4 E $,. Since &,, was constructed to contain at least one point 
of M,, it follows from Lemma 4.17(b) that & contains a 5-split X, of type 1231 for 
some 1. In fact, 1 = 4 by Lemma 4.14(b) because ({ 1,2,3,4}, 5) is an admissible pair. 
We can therefore choose a 5-quartet Q, of type 14 with Qs E &. Lemma 4.17(b) now 
implies that M4 fl & is a union of 4-splits of type 125k for some k. Suppose that k = 3. 
Then ({1,2,3,5),4) is an admissible pair, whence ({ 6,7,8,9}, 4) is also an 
admissible pair by Lemma 4.11(b), and K4 contains an involution with cycle structure 
(67)(89)(**)(**) by Lemma 4.11(a). Since ({1,2,3,4}. 5) . IS an admissible pair, a similar 
argument shows that KS contains an involution with cycle structure (67)(89)(**)(**). 
This contradicts the fact that no non-identity element of K fixes more than 3 points. It 
follows that k f3 and that 125k # 1231, where 1 is the index given in 4.22(b). As 
M4 f~ & # 0 we conclude from Lemma 4.18 that M4 c $,,. 
Now assume that j E (6, 7, S}. Lemma 4.17(b) implies that Mj II $,, is a union of 
j-splits of type 123k for some index k and also a union of j-splits of type 1241 for some 
index 1. Since ({ 1,2,3,4}, 5) is an admissible pair, Lemma 4.11(b) implies that 
K = Gee = SL(2, 8).3 contains an element acting as (12)(34)(5)(**)(**) on { 1, . . . .9}. 
Since K cannot also contain an element acting as (12)(34)(j)(**)(+*), it follows that 
({ 1,2,3,4},j) is not an admissible pair. Consequently, { 1, 2, 3, k} # { 1, 2, 4, I} so &, 
contains j-splits of 2 different types and Mi c & by Lemma 4.18. 
It remains only to show that MS c_ A,, but this is now easy. By Lemma 4.17 and 
construction, &,, n MS is a non-empty union of 5-splits of type 1234. Since Mh c s,,, 
Lemma 4.17(b) further implies that $, n MS is a union of 126k-splits for some index k. 
Lemma 4.18 now implies that MS c S,,. Cl 
CONCLUSION. Let &.s consist of s;?, together with the point E in G. By 4.24 we 
see that $, contains fi, + . . . + A&; and hence, by definition of the graph G, contains 
all points in the connected com_ponent of 5 in that graph. But by Lemma 4.3 the graph 
is connected, so we also have r, E &. Lines from r, with a third point in MS now span 
h&. Combined with 4.24 we see that & contains pG2 as well, and hence covers all of i: 
This completes the proof of the upper bound 4.2 and hence of Theorem 4.1. 0 
ACKNOWLEDGEMENTS 
Stephen D. Smith was given sabbatical support during 1990-91 from Notre Dame, 
Caltech, and the University of Illinois-Urbana. 
REFERENCES 
1. F. Buekenhout, Diagrams for geometries and groups, 1. Combin. Theory, Ser. A, 27 (1979), 121-151. 
2. A. M. Cohen, Exceptional presentations of three generalized hexagons of order 2, J. Combin. Theory. 
Ser. A, 35 (1983). 79-88. 
3. A. Cohen and J. Tits, On generalized hexagons and a near octagon whose lines have three points. 
Europ. J. Combin. 6 (1985), 13-27. 
4. J. H. Conway, R. T. Curtis, S. P. Norton, R. P. Parker and R. A. Wilson, Arias of Finite Groups, 
Clarendon Press, Oxford, 1985. 
5. B. N. Cooperstein and E. E. Shult, Geometric hyperplanes of Lie incidence geometries, preprint. 
6. D. Frohardt and P. Johnson, Geometric hyperplanes in generalized hexagons of order (2.2), preprint. 
7. M. A. Ronan, Embeddings and hyperplanes of discrete geometries, Europ. J. Combin., 8 (1987). 
179-185. 
472 D. E. Frohardt and S. D. Smith 
8. M. A. Ronan and S. D. Smith, Universal presheaves on group geometries, and modular representation>. 
J. Algebra, 102 (1986), 135-154. 
9. J. Tits, Buildings of Spherical Type and Finite BN-pairs, Lecture Notes in Math volume 386. 
Springer-Verlag, Berlin, 1974. 
10. H. Valklein, On the geometry of the adjoint representation of a Chevalley group. J. Algebra, 127 
(1989), 139-154. 
Received 8 January 1992 and accepted in revised form 30 April 1992 
DANIEL. E. FROHARDT 
Department of Mathematics. 
Wayne State University, 
Detroit, Michigan 48202, U.S. A. 
STEPHEN D. SMITH 
Department of Mathematics (m/c Z49), 
University of Illinois at Chicago, 
Chicago, Illinois 6(X%0, U.S.A. 
